Title: Another Way of Factoring
Brief Overview:

Students will find factors for quadratic equations with aleading coefficient of one. The
students will then graph these equations using a graphing calculator and analyze the factors
and the graphs of the equations in order to determine arelationship between thetwo. This
relationship will then be used to help factor more difficult polynomia equations. Students
will aso explore ared-life application in physics.

Linksto Standards:

* Mathematics as Problem Solving
The students will demonstrate the ability to gather information from a graphical
representation of an equation.

* Mathematics as Communication
In their journals, students will explore the differences and similarities between factoring
polynomial equations graphically and anayticaly.

* Mathematics as Reasoning
The students will explain the connection between the graphical data and the factored form
of the equation.

» Mathematical Connections
The students will explore the use of quadraticsin physics.

* Algebra
The students will be able to use an equation to represent a given situation, then graph the
equation to attain results or solutions that satisfy the given situation.

* Functions
The students will use the graphs of quadratic functions with aleading coefficient of one, to
analyze the relationship between zeros and factors of polynomials.

» Technology
The students will use graphing calculators to graph and analyze polynomial functions. This
lesson is designed for the T1-83 calculator, and adjustments may need to made for other
calculators.

Linksto Maryland High School Mathematics Core Learning Goals

*1.1.1: The student will recognize, describe, and extend patterns and functional
relationships that are expressed numerically, algebraically, and geometricaly.

*1.1.2: The student will represent patterns and functional relationshipsin atable, asa
graph, and/or by mathematical expression.

*1.1.4: Thestudent will describe the graph of anon-linear function in terms of the basic
concepts of maxima and minima, roots, limits, rate of change, and continuity.

*1.2.4: Thestudent will describe how the graphical model of anon-linear function
represents a given problem and will estimate the solution.



Grade/Level:

8- 12 Thislesson can be used for students just learning to factor; students having
problems factoring; or as areview of factoring.

Duration/Length
Four 45-minute periods or two 90-minute periods
Prerequisite Knowledge:

Students should understand or be able to do the following:

« Factoringax2 + bx + ¢, where a= 1 over the rational numbers.

» Use inverse operationson equations.

» Thezero-product rule. (If ab=0, thena=0o0r b=0)

» Use the Graph and Calculate featuresof the graphing calculator.

» Therelationship between points on the coordinate plane and an equation.

Objectives:

Students will be ableto:

« factor quadratics of theform ax2 + bx + ¢ (over the rational numbers).
» solve quadratic equationsgraphically.
* use agiven set of solutionsto find the origina quadratic equations.

M aterials/Resour ces/Printed Materials:
Teacher:

* TI-83 overhead kit

* Teacher notes

* Hint sheet for students (Hint sheet should beleft in acentra |ocation, accessible to
students.)

Students (groups of two):

» T1-83 cdculator
* Activity sheets

Development/Procedur es:

« Start thelesson by reviewing factoring quadratics with aleading coefficient of one, and
how the zero product ruleis used to solve equations.

* Review graphing techniques on calculator. Students need to be ableto graph, find the
zero of agraph, and adjust the viewing window. Studentsalso need to be ableto convert
decimals into fractions.

 Studentswork on “Is Therean Easier Way to Factor?--Part One.” Teacher should
observe groups, and assist students as needed. The hint sheet can be put on theteacher’s
desk for those students who would like some assistance, but do want to ask theteacher.



o After students havefinished Part One, discuss their findingsas aclass. It isimportant
that all students see the connection between the solutions and the factors of a polynomial.

 Studentswork on “Is Therean Easier Way to Factor?--Part Two.” Teacher should
observe groups, and assist students as needed.

o After students have finished Part Two, discuss their findingsas aclass. Students should
cregte a Problem to Pass.

« Studentswork on application sheet. Teacher should observe groups, and offer assistance
as needed.

* Finish thelesson by discussing conceptslearned. Assign journal entry, and givequiz.
Perfor mance Assessment:

» Teacher will informally assess students by observing students as they work on activity
shests.

« Studentswill create a Problem to Pass. Each group writes a problem, similar to the ones on
the worksheets, on an index card with acomplete answer and explanation on the back.
These cards are then traded among groups. Each group then answers the question passed
to them. The class can discuss the problems created.

 The Applications worksheet will be aformal assessment.

» Thestudentswill takeaquiz at the end of thelesson.

» Thestudentswill writein their math journal s describing the relationship between the
solutions and the factors of a polynomial. Students should also discuss the different
methodsthey know for factoring a polynomial.

Extension/Follow Up:

« Students could exploreother characteristics of a quadratic function; such as, the vertex or
how the coefficients affect the shape and position of the parabola.

« Students could explorehigher degreepolynomials. Students could be introduced to the
theoremsthat describethe behavior of polynomials; such as, Rational Root Theorem,
Descartes Rule, or the Intermediate Vaue Theorem.
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Directions: Factor and solve each quadratic. Use your calculator to graph each one.
Be sure to write solutions as fractions.

Quadratic ™ Eactored Form Solutions ~ Graph

x2+ 10x+9=0

X2-5x+6=0

x2-5x-36=0

X2+ 14x +49=0

X2 +20x +100=0

x2+4=0

X2+ 4x+2=0




-

Directions: After you have factored, solved, and graphed all the quadratics, answer the
following questions. Be prepared to discuss what you have learned.

1) Describe the relationship between the solutions and the factors.

2) When the graph just touches the x-axis, how many solutions does this represent? How
do you write the factored form?

3) How can you tell from the graph if apolynomial is prime?

4) Isevery polynomia factorable, if its graph crosses/touchesthe x-axis?

Directions: Use each set of solutionsto find the original guadratic equation. Y our equation
should have integral coefficients. Graph your equations to check your work.

i cind .

Xx=30rx=-2

x=-3/4orx= -5/2

Xx=-0.50rx=1.75



-

Using the following graphs, write the factored form of the equation whose graph is shown.

x scae=1, yscae=1

x scae=1, y scale=2

x scae=1, yscae=1

x scae=1, yscae=1
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Factor the following polynomials. (Be sureto factor completely.)

16x2 - 8x - 15

6x2-X-5

2x2 + 9x - 11

22x2 + 47X + 6

12x2 - 7x - 10

4x2 - 25

1) Factor 8x2 - 24x + 16.

Did you get 8(x - 2)(x - 1)? If not, how does your answer differ?

When factoring, what should you always do first?

What is the completely factored form of 8x2 - 24x + 16?

2) Explain how you would factor 7x2 - 19xy + 10y2 using your calculator.



Application: Projectile Motion in Physics

Examples of projectile motion occur often in physics. When arocket islaunched
it is necessary to know how long it will take to land, how high it will travel, and
how long it takes to reach certain heights or distances.

It was Galileo Galilei (1564-1642) who first accurately described projectile
motion. Inthe 1600’s, Galileo proved that when a frictionless object is projected
up from the ground, it takes the same amount of time to go up asit takes to come
back down. Hiswork laid the foundation for the studies of Sir Isaac Newton who
formulated the laws of gravity and motion. The application of these formulas led
to successful space travel.

The path that a projected object travels is a parabola, represented by the function:

1 2
H(t) = -Zgt + vt

where H(t) = height
t = time )
g = force of gravity (32 ft/sec on Earth)
v = initial speed or initial velocity

*set graphing range on calculators so that 0< x< 8 with an x scale of 0.5
and -20 < y <200 withy scale of 10

EXAMPLE A rocket islaunched from Earth with an initial speed of 100 ft/sec.
Graph the function that models the path of the rocket.

g=232 v =100

1 2
H(t) =-5gt +vt

1

= . —(32)t° + (100)t

-T2

2
H(t) = -16t + 100t

x scae= 0.5, y scale= 10




EXERCISES
Use the previous graph to answer Exercises 1 to 4.

1. What real-world occurrence do the x- and y-axes represent in this graph?

2. How long it will take before the rocket lands?

3. What is the maximum height the rocket will reach?

4. How long does it take for rocket to reach its maximum height?

5. A rocket is propelled upward with an initial speed of 120 ft/sec.
a. How high will thisrocket go?
b. How long will it take the rocket to land?

c. At what time will the rocket be at 100 ft of height?

PROJECT
Investigate the effects of the forces of gravity for various planets. Using the force of gravity for
three other planets, answer the following questions for each planet. Assume the rocket is launched
with aninitial speed of 100 ft/sec.

a. How high will the rocket go?

b. How long before the rocket hits the ground?

C. Suppose you arelaunching the samerocket on each of your threeplanets. Y ou want each

rocket to reach the same maximum height asit did on Earth. Determine theinitial speed
needed on each planet.



Teacher Notes
Is There an Easier Way to Factor?--Part One
Before handing worksheets to students:

* Review basic factoring techniques with students. The students need to be proficient at
factoring quadratics of the form ax2 + bx + ¢, wherea= 1.

* Review calculator techniques with students. Students need to be able to graph equations.
Students will need to find the zeros of an equation. Review with students how to convert
decimalsto fractions. Students need to be able to determine whether a number is rational
or not.

* Example: Solve2x +5 =0, graphically.
While students work:

* Observe students as they work. Check students’ first few problem to be sure they are
filling in all parts correctly. 1t would be best if students do each problem completely
before they attempt the next. Some students may need some “guidance” in stating the
relationship between the solutions and the factors of a polynomial.

* Most students will need help understanding how you can tell from the graph whether a
polynomial isprime. Stress that when the solutions are non-repeating decimals or if there
are no solutions, the polynomial is prime (over the rational numbers). Remind students
that non-repeating decimals will not convert to fractions, since they areirrational.

Is There an Easier Way to Factor?--Part Two
Before handing worksheets to students:

* Review concepts from part one. Students need to understand the relationship between the
solutions and the factors. Be sureto clarify any questions from the first part.

While students work:

* Assist students in reading graphs and writing equations.

* Stress to students that the calculator will not show the greatest common numerical factor.
Students should be told to find the gcf first when starting any problem, and includeit in
the factored form.

» Show students how to use calculator for two variable equations. Students can leave out
the second variable while using the calculator, and then put the variable in the answer.
Students need to understand factoring patternsin order to use the calculator for thistype
of problem.

Application: Projectile Motion in Physics

* Students who choose to do the project will need to find the forces of gravity for other
planets. Thisinformation can be found by either traditional means or on the Internet.



Extension Problem:

The marketing department at Rock-n-Rollerblades found that, on the average, they sell 600 pairs of
rollerblades monthly at a price of $100 each. The department also knows that for each $5
reduction in price, there will be an extra 50 rollerblades sold each month.

How low can Rock-n-Rollerblades drop their prices before their monthly salesincome drops
below the current monthly sales income?

What isthe best price for the company to charge to reach maximum monthly salesincome?

h intsf on:

 Have students brainstorm session in small groups, and then follow with a discussion by whole
class.

» Demonstrate how factors relate to real world problems.

* Use the graphing calculator to help illustrate concepts.

Steps:

1. Brainstorm ideas
2. Set up quadratic expression and graph
price = 100 - 5x sales = 600 + 50x
income = price X sales
= (100 - 5x) ( 600 + 50x )
3. Graph eguation to view curve. Students should attempt to set good
parameters to view window.
4. Usethe original profits of $60,000 as baseline by overlapping graph
Y =60,000.
Example viewing window Xmin 50,000 Xmax 70,000 Xscale 1000
Ymin O Y max 10 Yscael
5. Use graph to answer the two questions.
Remember x = number of 5 dollar discounts.



Hint Sheet

Answer for number 1 (Is There an Easier Way to Factor?--Part One)

X2+ 10x+9=0 x+9(x+1)

Prime polynomials

Can you write the solutions as a fraction?

Are there any points where the graph crosses or touches the x-axis?

Finding equationsif you know the answer.

For each solution, try to solve and have one side equal to zero.

Viewing windows for the graphs Part Two.

W IO
amin=-18
amax=18
wscl=l
Ymin=-18
Ymax=18
Varl=]
wres=]

W IHDOL
wmin= -8
Mnay=g
sscl=l
Ymin==-18
max=18
Yerl=1l
wres=]

Xx=-9or-1

W IHOOM
anin=-18
amay=1
sscl=l
Ymin= =28
=2
Yz l=Z1
nres=]

W IHOIOW
AM1N= 3
AMEKED
wscl=1
Ymin=-18
Ymax=10
Yail=]

wres=]




Quiz

Y ou may use your calculator for thisquiz. Be sure to factor completely. Use fractions, not
decimals!

Factor the following.
1) x2+4x-21

2) 2x2+5x +3

3) 4x2+4x +1

Find the original quadratic equation for the following solutions. Y our equation should have
integral coefficients.

4) x=-30orx=2

5 x=32o0rx=-1

Challenge

Factor the following x3 + 9x2 + 27x + 27 completely. Describe how you found the solutions.



